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Wklv sdshu dlpv dw fdvwlqj d qhz oljkw rq wkh shuvlvwhqfh ri xqghuhpsor|phqw
lq hphujlqj hfrqrplhv/ e| h{dplqlqj wkh uhodwlrqvkls ehwzhhq oderxu pdunhw lp0
shuihfwlrqv dqg orqjhylw| fkdqjhv1 Iru wkdw sxusrvh/ zh ghyhors d wzr0shulrg ROJ
prgho zkhuh orqjhylw| ghshqgv srvlwlyho| rq wkh uhdo zdjh/ exw qhjdwlyho| rq wkh
xqghuhpsor|phqw ohyho/ zklfk erwk uhvxow iurp zdjh qhjrwldwlrqv ehwzhhq d wudgh0
xqlrq/ uhsuhvhqwlqj zrunhuv +l1h1 |rxqj jhqhudwlrq,/ dqg wkh pdqdjhphqw/ uhsuh0
vhqwlqj fdslwdo0kroghuv +l1h1 rog jhqhudwlrq,1 Wkh lvvxhv ri h{lvwhqfh/ xqltxhqhvv
dqg vwdelolw| ri d qrq0wulyldo vwhdg|0vwdwh htxloleulxp duh h{dplqhg1 Lw lv vkrzq
wkdw wkh glvwulexwlrq ri edujdlqlqj srzhu lq wkh hfrqrp| lv d pdmru ghwhuplqdqw ri
wkh vkruw uxq dqg orqj uxq g|qdplfv ri surgxfwlrq/ hpsor|phqw dqg orqjhylw|1

Nh|zrugv= edujdlqlqj srzhu/ orqjhylw|/ ROJ prgho/ xqghuhpsor|phqw/ zdjh0
edujdlqlqj1

MHO frghv= L45/ M85/ R741
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Dowkrxjk wklv skhqrphqrq lv kdug wr phdvxuh zlwk dffxudf|/ wkhuh lv olwwoh grxew
wkdw d vljql�fdqw xqghuhpsor|phqw 0 l1h1 xqghuxwlol}dwlrq ri oderxu irufhv lq wkh
surgxfwlrq surfhvv 0 h{lvwv qrzdgd|v lq pdq| hphujlqj hfrqrplhv/ dqg/ lq sdu0
wlfxodu/ lq Hdvw0Hxurshdq wudqvlwlrq hfrqrplhv +vhh Uxwnrzvnl/ 5339,14 D pdmru
fdxvh ri xqghuhpsor|phqw lq ghyhorslqj hfrqrplhv kdv wr gr zlwk wkh devhqfh 0 ru
lqh�hfwlyhqhvv 0 ri xqhpsor|phqw lqvxudqfh v|vwhpv/ zklfk pdnhv doo shrsoh zrun/
vlpso| ehfdxvh qr rqh fdq d�rug wr eh xqhpsor|hg lq wkrvh hfrqrplhv15

Zkloh xqghuhpsor|phqw 0 dqg wkh dvvrfldwhg cklgghq* xqhpsor|phqw 0 lv w|slfdo
ri srru frxqwulhv zlwk d orz0vnloohg oderxu irufh dqg olwwoh surgxfwlylw| jdlqv/ d
qdwxudo remhfw ri vwxg| lv wkh lvvxh ri lwv shuvlvwhqfh ryhu wlph1 Lv xqghuhpsor|phqw
d wudqvlwru| skhqrphqrq/ zklfk zloo glvdsshdu rqfh hfrqrplhv ghyhors/ ru/ rq wkh
frqwudu|/ fdq xqghuhpsor|phqw shuvlvw lq h{sdqglqj hfrqrplhvB

Wkh dqvzhu wr wkdw txhvwlrq ghshqgv rq wkh uhodwlrqvkls ehwzhhq/ rq wkh rqh
kdqg/ xqghuhpsor|phqw/ dqg/ rq wkh rwkhu kdqg/ wkh ohyho ri hfrqrplf ghyhorsphqw1
Wkdw uhodwlrqvkls lv elgluhfwlrqdo = zkhuhdv d odujh xqghuhpsor|phqw fdq suhyhqw
hfrqrplf h{sdqvlrq/ d vwdjqdqw hfrqrp|/ e| suhyhqwlqj dq| surjuhvv ru uhirup/ fdq
dovr pdnh xqghuhpsor|phqw shuvlvw +vhh Erzghq hw do/ 5339,1

Xqgrxewhgo|/ wkh gl�fxow| wr ghdo zlwk wkh shuvlvwhqfh lvvxh lv gxh wr wkh pxo0
wlglphqvlrqdolw| ri wkh uhodwlrqvkls ehwzhhq xqghuhpsor|phqw dqg hfrqrplf gh0
yhorsphqw1 Dprqj rwkhuv/ dq lpsruwdqw glphqvlrq lv wkh hgxfdwlrq= jlyhq wkdw
xqghuhpsor|phqw rffxuv jhqhudoo| lq hfrqrplhv zlwk d orz0vnloohg oderxu irufh/ d
qdwxudo zd| wr pdnh xqghuhpsor|phqw glvdsshdu lv wkurxjk pdvvlyh lqyhvwphqwv
lq hgxfdwlrq1 Dqrwkhu fuxfldo glphqvlrq lv wkh lqvwlwxwlrqdo glphqvlrq1 Li xqghu0
hpsor|phqw lv gxh wr wkh lpshuihfw ixqfwlrqlqj ri wkh oderxu pdunhw/ d jryhuqphqw
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fdq uhgxfh xqghuhpsor|phqw e| pdnlqj lpshuihfwlrqv ri oderxu pdunhwv glvdsshdu1
Wkh jrdo ri wklv sdshu lv wr fdvw d qhz oljkw rq wkh xqghuhpsor|phqw shuvlvwhqfh

lvvxh/ e| h{sorulqj dqrwkhu glphqvlrq ri wkh ghyhorsphqw0xqghuhpsor|phqw uhod0
wlrqvkls= lwv ghprjudsklf glphqvlrq1 Lq sduwlfxodu/ zh vkdoo sd| khuh d sduwlfxodu
dwwhqwlrq wr d pdmru fkdqqho wkurxjk zklfk hfrqrplf ghyhorsphqw dqg xqghuhp0
sor|phqw fdq lq�xhqfh hdfk rwkhuv= wkh ohqjwk ri kxpdq olih1

Lq rughu wr vhh zk| kxpdq orqjhylw| rffxslhv d fhqwudo srvlwlrq ehwzhhq hfr0
qrplf ghyhorsphqw dqg xqghuhpsor|phqw/ ohw xv vd| d ihz zrugv derxw wkh 0 elgl0
uhfwlrqdo 0 uhodwlrqvklsv h{lvwlqj ehwzhhq/ rq wkh rqh kdqg/ orqjhylw| dqg ghyhors0
phqw/ dqg/ rq wkh rwkhu kdqg/ ehwzhhq orqjhylw| dqg xqghuhpsor|phqw1

Dfwxdoo|/ dv wklv zdv hpskdvl}hg e| ROJ jurzwk prghov zlwk hqgrjhqrxv
orqjhylw| +vhh Fkdnuderuw|/ 5337> Edwwdfkdu|d dqg Tldr/ 5338> Shvwlhdx hw do/ 5339,/
orqjhylw| lv qrw rqo| lq�xhqfhg e| wkh ohyho ri hfrqrplf ghyhorsphqw/ exw lw whqgv
dovr/ e| lwv lpsdfw rq wkh whpsrudo krul}rq ri djhqwv/ wr d�hfw fdslwdo dffxpxodwlrq
ghflvlrqv/ dqg/ khqfh/ wkh zkroh ghyhorsphqw surfhvv1

Pruhryhu/ zkloh ghprjudskhuv/ vxfk dv Phvulqh +5334, dqg Q|ohq hw do +5334,/
vkrzhg wkdw ehlqj frqvwudlqhg e| wkh yroxqwdu| h{fkdqjh frqglwlrq rq wkh oderxu
pdunhw +h1j1 ehlqj xqhpsor|hg ru lqyroxqwdu| sduw0wlphu, ghwhulrudwhv orqjhylw|/
rqh fdq dovr h{shfw orqjhylw| wr d�hfw/ e| lwv lpsdfw rq wkh krul}rqv ri djhqwv
dfwlqj rq wkh oderxu pdunhw/ wkh ohyhov ri zdjhv dqg xqghuhpsor|phqw16

Lq rughu wr vwxg| wkh ghprjudsklf glphqvlrq ri wkh uhodwlrqvkls ehwzhhq xq0
ghuhpsor|phqw dqg hfrqrplf ghyhorsphqw/ wklv sdshu suhvhqwv d wzr0shulrg qrq0
Zdoudvldq ROJ prgho lq zklfk orqjhylw| lv lq�xhqfhg srvlwlyho| e| wkh uhdo zdjh/
exw qhjdwlyho| e| +�uvw0shulrg, xqghuhpsor|phqw/ dqg zkhuh xqghuhpsor|phqw
fdq rffxu dv wkh rxwfrph ri zdjh qhjrwldwlrqv ehwzhhq d wudgh0xqlrq/ uhsuhvhqw0
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lqj zrunhuv +|rxqj lqglylgxdov,/ dqg wkh pdqdjhphqw/ uhsuhvhqwlqj fdslwdo0kroghuv
+rog lqglylgxdov,17 Jlyhq wkdw orqjhylw| lq�xhqfhv/ xqghu dgglwlyh olihwlph zhoiduh/
wkh +uhpdlqlqj, zhoiduh ri +rog, fdslwdo0kroghuv wr d odujhu h{whqw wkdq wkh rqh ri
+|rxqj, zrunhuv/ zdjh0qhjrwldwlrqv duh qrw lqghshqghqw iurp orqjhylw|/ vr wkdw/ lq
wkh suhvhqw prgho/ orqjhylw| dqg xqghuhpsor|phqw whqg wr d�hfw hdfk rwkhu1

Wkh jrdo ri wklv sdshu lv wr uh0h{dplqh wkh lvvxh ri wkh shuvlvwhqfh ri xqghu0
hpsor|phqw/ e| vwxg|lqj/ lq wkh oljkw ri wkdw qrq0Zdoudvldq ROJ hfrqrp| zkhuh
xqghuhpsor|phqw dqg orqjhylw| duh mrlqwo| ghwhuplqhg/ wkh vkruw uxq dqg orqj uxq
g|qdplfv ri fdslwdo dffxpxodwlrq/ hpsor|phqw dqg orqjhylw|1

Wkh uhvw ri wklv sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 5 suhvhqwv wkh prgho1
Vhfwlrq 6 glvfxvvhv wkh h{lvwhqfh/ xqltxhqhvv dqg vwdelolw| ri d vwhdg|0vwdwh1 D
frpsdudwlyh vwdwlfv h{huflvh lv fduulhg rxw lq Vhfwlrq 71 Vkruw uxq dqg orqj uxq
g|qdplfv duh h{dplqhg qxphulfdoo| lq Vhfwlrq 81 Vhfwlrq 9 frqfoxghv1

2 A�i 4L_i*

2�� ,?��hL?4i?|

Ohw xv frqvlghu d wzr0shulrg ROJ prgho1 Wlph lv glvfuhwh1 Jhqhudwlrqv/ zkr duh ri
frqvwdqw vl}h Q / duh ghqrwhg e| wkhlu gdwh ri eluwk1 Phpehuv ri d frkruw w olyh d �uvw
shulrg ri xqlwdu| ohqjwk/ dqg/ wkhq/ d vhfrqg shulrg ri ohqjwk kw.4 +3 � kw.4 � 4,1

Lqglylgxdov duh/ lq wkh �uvw shulrg/ zrunhuv/ dqg/ lq wkh vhfrqg shulrg/ fdslwdo0
kroghuv1 Zrunhuv zrun lq wkh vdph �up/ dqg duh uhsuhvhqwhg e| d vlqjoh wudgh xqlrq1
Wkh �up lv uxq e| fdslwdo0kroghuv/ uhsuhvhqwhg e| wkh pdqdjhphqw1

Orqjhylw| Wkh ohqjwk ri wkh vhfrqg shulrg ri olih kw.4 ghshqgv rq wkh uhdo zdjh
zw dqg rq wkh lqglylgxdo hpsor|phqw udwlr ow@ovw +ovw lv wkh oderxu vxsso|/ dqg ow lv

e6Lh L|�ih �wB uh@4i�Lh!t ��|� �@}i M@h}@�?�?}c tii #i�ihi� @?_ wLU!�LL_ E�bb�� @?_
�h?tTih}ih @?_ _i *@ �hL� E�bb���
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wkh dfwxdo hpsor|phqw, idfhg zkhq ehlqj d zrunhu/ dffruglqj wr wkh uhodwlrq=

kw.4 @ ]z#
w
� ow
ovw
�!

+4,

zkhuh # dqg ! duh wkh hodvwlflwlhv ri orqjhylw| zlwk uhvshfw wr wkh uhdo zdjh dqg wkh
hpsor|phqw udwh1 ] dffrxqwv iru h{rjhqrxv ghwhuplqdqwv ri orqjhylw| +] A 3,1

Li ehlqj frqvwudlqhg e| wkh yroxqwdu| h{fkdqjh frqglwlrq rq wkh oderxu pdunhw
+l1h1 xqghujrlqj h{fhvv oderxu vxsso|, kdv qr h�hfw rq orqjhylw|/ ! htxdov 3/ dqg
wkh uhdo zdjh lv wkh xqltxh ghwhuplqdqw ri orqjhylw|1 Krzhyhu/ li ehlqj frqvwudlqhg
e| wkh �up*v yhwr uljkw rq wkh oderxu pdunhw jhqhudwhv d orvv ri vhoi0uhvshfw/ lq wkh
vhqvh wkdw wkh lpsrvvlelolw| wr zrun dv pdq| krxuv dv ghvluhg pdnhv zrunhuv ihho
xvhohvv/ vxfk ihholqjv fdq ghwhulrudwh zrunhuv*v khdowk/ dqg orzhu wkhlu orqjhylw|18

Li wklv lv vr/ xqghuhpsor|phqw/ kdv/ wkurxjk wkh orvv ri vhoi0uhvshfw lw jhqhudwhv/ d
qhjdwlyh lpsdfw rq orqjhylw|/ dqg ! lv vwulfwo| srvlwlyh1

Surgxfwlrq Surgxfwlrq iroorzv d Free0Grxjodv whfkqrorj|=

\w @ DN�w O4��w +5,

zkhuh Nw ghqrwhv wrwdo fdslwdo vwrfn dw wlph w/ Ow ghqrwhv wkh wrwdo txdqwlw| ri
oderxu xvhg e| wkh �up/ zkloh D lv d surgxfwlylw| sdudphwhu1

Wkh �up vhwv wkh hpsor|phqw ohyho Ow wkdw pd{lpl}hv lwv sur�wv �w @ \w�zwOw19

Hdfk fdslwdo0kroghu zloo uhfhlyh vrph uhwxuq Uw rq klv frqwulexwlrq wr wkh wrwdo
fdslwdo vwrfn Nw/ ghqrwhg e| lqglylgxdo fdslwdo nw/ zklfk fruuhvsrqgv wr klv vdylqjv

DBi?ih@**)c @ *Ltt Lu ti*u�hitTiU| _i|ih�Lh@|it �i@*|� @?_ *L?}i��|) |�hL�}� |�i @_LT|�L? Lu h�t!)
Mi�@��L�ht Ei�}� @*UL�L*�t4�� �? |��tc tii V@**�? i| @* E2ff���

SA�i Th�Ui Lu |�i UL?t�4T|�L? }LL_ �t � i_ |L ��
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iurp klv suhylrxv shulrg ri olih +zkhq kh zdv d zrunhu,1: Khqfh/ sur�w shu fdslwdo0
kroghu lv Uwnw @ |w �zw OwQ / zkhuh |w lv wkh rxwsxw shu phpehu ri frkruw w1

Pruhryhu/ jlyhq wkh devhqfh ri dq| xqhpsor|phqw lqvxudqfh v|vwhp lq wkh hfrq0
rp|/ wkh oderxu dydlodeoh iru zrunhuv lv vxssrvhg wr eh glylghg htxdoo| dprqj wkh
zrunlqj frkruw/ vr wkdw lqglylgxdo hpsor|phqw ow lv htxdo wr Ow@Q 1

Wkh idfw wkdw doo phpehuv ri d frkruw idfh wkh vdph lqglylgxdo hpsor|phqw udwlr
ow@ovw lq wkhlu �uvw shulrg ri olih grhv qrw suhyhqw wkh rffxuuhqfh ri d orvv ri vhoi0
uhvshfw/ ehfdxvh wklv skhqrphqrq uhodwhv wr wkh lqglylgxdo jrdov ri hdfk phpehu ri
wkh vrflhw|/ dqg/ dv vxfk/ lv glvwlqfw iurp ihholqjv ri h{foxvlrq +zklfk fdq h{lvw rqo|
lq d khwhurjhqrxv frkruw/ xqolnh ihholqjv ri ehlqj xvhohvv,1

Vdylqjv dqg oderxu vxsso| Hdfk lqglylgxdo kdv d xwlolw| ixqfwlrq ri wkh irup=

orjXw @ � orj+fw, . +4� �,kw.4 orj+gw.4kw.4 ,� y+ow, +6,

zkhuh � lv d suhihuhqfh sdudphwhu +3 ? � ? 4,/ zkloh y+ow, lv wkh glvxwlolw| ri
oderxu/ zklfk lv frqyh{ lq ow1 Frqvxpswlrq gxulqj wkh �uvw shulrg fw lv htxdo wr
owzw � vw/ dqg frqvxpswlrq gxulqj wkh vhfrqg shulrg gw.4 htxdov Uw.4vw/ zkhuh vw
lv wkh vdylqj ri wkh zrunhu/ dqg Uw.4 lv wkh uhwxuq rq vdylqjv1

Zkhq ghflglqj wkhlu vdylqjv dqg wkhlu oderxu vxsso|/ lqglylgxdov wdnh orqjhylw|
dv ehlqj lqghshqghqw iurp wkhlu fkrlfhv/ dqg htxdo wr dq h{shfwhg ohyho +l1h1 wkh
orqjhylw| ri wkh suhylrxv frkruw/ kw,1 Khqfh/ wkh �uvw0rughu frqglwlrqv |lhog=

fw @ �
�.kw+4��,zwow gw.4 @ kw+4��,

�.kw+4��,zwowUw.4 ovw @ �.kw+4��,
y3+ovw ,

+7,
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2�2 A�i t|h�U|�hi Lu |�i i^��*�Mh��4

Lq hdfk shulrg/ wkh htxloleulxp lv ghwhuplqhg lq wzr vxffhvvlyh vwhsv1;

41 Iluvwo|/ d zdjh zw lv qhjrwldwhg e| wkh pdqdjhuv ri wkh �up/ uhsuhvhqwlqj
fdslwdo0kroghuv/ dqg wkh wudgh xqlrq/ uhsuhvhqwlqj zrunhuv1

51 Vhfrqgo|/ wkh �up fkrrvhv dq rxwsxw ohyho1 Wkhq/ wudqvdfwlrqv fdq wdnh sodfh1

Lq rughu wr vroyh wkh htxloleulxp/ zh vkdoo frqvlghu �uvw wkh vhfrqg vwdjh +rxwsxw
vhwwlqj,/ dqg/ wkhq/ wkh �uvw rqh +zdjh qhjrwldwlrq,1

51514 Rxwsxw vhwwlqj

Zkhq ghflglqj lwv rswlpdo surgxfwlrq dqg hpsor|phqw/ wkh �up/ zkr wdnhv wkh qh0
jrwldwhg zdjh zw dv jlyhq/ pxvw vdwlvi| wzr frqvwudlqwv= +4, wkh frqvwudlqw lpsrvhg
e| wkh ghpdqg iru wkh jrrg rq wkh jrrg pdunhw> +5, wkh frqvwudlqw lpsrvhg e| wkh
oderxu vxsso| rq wkh oderxu pdunhw1<

Uhjduglqj wkh ghpdqg frqvwudlqw/ lw lv qrw gl�fxow wr vhh/ lq wkh oljkw ri wkh
deryh �uvw0rughu frqglwlrqv/ wkdw wkh wrwdo ghpdqg \ gw lv htxdo wr wkh rxwsxw/ vr
wkdw wkh ghpdqg frqvwudlqw idfhg e| wkh �up lv dozd|v phw=

\ gw @ Qzwow
� �
� . kw+4� �, .

kw+4� �,
� . kw+4� �,

�
. nwUw @ zwOw . \w �zwOw @ \w

Wkh �up idfhv dovr dq hpsor|phqw frqvwudlqw= wklv fdqqrw kluh pruh oderxu
wkdq wkh oderxu vxssolhg e| zrunhuv1 Wkxv/ wrwdo hpsor|phqw Ow fdqqrw h{fhhg
wrwdo oderxu vxsso| Ovw / htxdo/ xqghu y+ow, @ o�w / zlwk � A 4/ wr=

HA�@| t|h�U|�hi �t M@ti_ L? �i?@tt) E2ff2c U�@T|ih D��
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Ovw @ Qovw @ Q
�� . kw+4� �,

�
� 4

� +8,

Khqfh/ wkh sureohp ri wkh �up lv wr vhohfw wkh hpsor|phqw Ow pd{lpl}lqj=

�w @ \w �zwOw

v=w=\w @ DN�w O4��w

Ow � Ovw

Wkhuh h{lvw wzr nlqgv ri vroxwlrq wr wkdw sureohp/ ghshqglqj rq zkhwkhu wkhuh
lv h{fhvv vxsso| ru h{fhvv ghpdqg rq wkh oderxu pdunhw/ wkdw lv/ ghshqglqj rq
zkhwkhu wkh hpsor|phqw Ow lv vwulfwo| vpdoohu wkdq oderxu vxsso| Ovw ru qrw1

Li wkhuh lv h{fhvv vxsso| rq wkh oderxu pdunhw/ hpsor|phqw lv ghwhuplqhg e|
wkh �up*v ghpdqg/ dffruglqj wr wkh uxoh cpdujlqdo uhyhqxh htxdov pdujlqdo frvw*=
D+4� �,N�w O��w @ zw1 Pxowlso|lqj e| Ow |lhogv +4� �,\w @ Owzw1 Khqfh=

Ow @ Ogw @
�D+4� �,N�w

zw
� 4� +9,

vr wkdw wkh hpsor|phqw ri hdfk zrunhu lv htxdo wr ogw @
�D+4��,n�wzw

� 4� =
Li wkhuh lv h{fhvv ghpdqg rq wkh oderxu pdunhw/ wkh hpsor|phqw ohyho lv ghwhu0

plqhg e| zrunhuv*v oderxu vxsso|=

Ow @ Ovw @ Q
�� . kw+4� �,

�
� 4

� +:,

<



Khqfh/ wkh zdjh dw zklfk oderxu ghpdqg htxdov oderxu vxsso| lv=

z�w @ D+4� �,n�w
�� . kw+4� �,

�
���

� +;,

Li wkh zdjh lv kljkhu wkdq wkh Zdoudvldq zdjh z�w / wkhuh lv h{fhvv oderxu vxsso|/
zkhuhdv/ li wkh zdjh lv ehorz z�w / wkhuh lv h{fhvv oderxu ghpdqg1

51515 Zdjh qhjrwldwlrqv

Wkh zdjh lv ghwhuplqhg e| qhjrwldwlrqv ehwzhhq wkh pdqdjhphqw ri wkh �up/ uhs0
uhvhqwlqj fdslwdo0kroghuv/ dqg wkh wudgh xqlrq/ uhsuhvhqwlqj zrunhuv1

Zh vkdoo dvvxph khuh wkdw wkh qhjrwldwhg zdjh lv htxdo wr wkh dv|pphwulf Qdvk
edujdlqlqj vroxwlrq +vhh Elqpruh hw do/ 4<;9,/ zklfk fruuhvsrqgv wr wkh pd{lpxp
ri wkh txdqwlw| �w gh�qhg dv=43

orj�w @ � orj �Xzw � �Xzw
�. +4� �, orj �Xfw � �Xfw

� +<,

zkhuh � lv wkh edujdlqlqj srzhu ri zrunhuv/ zkloh 4 � � lv wkh edujdlqlqj srzhu
ri fdslwdo0kroghuv144 Xzw dqg Xfw ghqrwh wkh xwlolw| ri wkh wudgh0xqlrq dqg wkh
pdqdjhphqw li vrph djuhhphqw lv uhdfkhg/ zkhuhdv �Xzw dqg �Xfw fruuhvsrqg wr wkh
xwlolw| ri wkh wudgh0xqlrq dqg wkh pdqdjhphqw lq wkh fdvh ri qr djuhhphqw1

Wkh wudgh0xqlrq sxuvxhv wkh jrdo ri pd{lpl}lqj wkh olihwlph xwlolw| ri zrunhuv/
zkhuhdv wkh pdqdjhphqw sxuvxhv wkh jrdo ri pd{lpl}lqj wkh uhpdlqlqj olihwlph

�f�t t�L�? �? ��?4Lhi i| @* E�bHS�c |�i @t)44i|h�U �@t� M@h}@�?�?} tL*�|�L? U@? Mi hi}@h_i_
@t |�i tL*�|�L? Lu @ ?L?ULLTih@|��i ti^�i?|�@* M@h}@�?�?} ThLUittc ThL��_i_ ML|� T@h|�it hi@U| �ih)
^��U!*) |L i@U� L|�ih<t ThLTLt@*�

���t |��t �t t|hitti_ �? ��?4Lhi i| @* E�bHS�c |�i M@h}@�?�?} TL�ih T@h@4i|ih t�L�*_ ?L| Mi
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uhL4 @t)44i|h�it i�|�ih �? |�i M@h}@�?�?} ThLUi_�hi Ei�}� _�gihi?| |�4i *@}t MiuLhi hi@U|�L?t�c Lh
�? |�i Mi*�iut @ML�| @ h�t! Lu Mhi@!_L�? Lu ?i}L|�@|�L?t�
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xwlolw| ri fdslwdo0kroghuv +l1h1 gxulqj wkhlu vhfrqg shulrg ri olih,1
Iru zrunhuv/ li wkhuh lv qr djuhhphqw/ �uvw0shulrg dqg vhfrqg0shulrg frqvxps0

wlrqv duh }hur/ vr wkdw �Xzw @ 31 Krzhyhu/ li dq djuhhphqw lv irxqg=

orj+Xzw , @ � orj
� �owzw
� . kw.4+4� �,

�
. +4� �,kw.4 orj

�+4� �,owzwUw.4
� . kw.4+4� �,

�
� y+ow,

Jlyhq wkdw kw.4 dqg Uw.4 duh wdnhq dv jlyhq +l1h1 kw.4 @ kw / Uw.4 @ �U,/
orj �Xzw � �Xzw

� fdq eh zulwwhq/ xs wr dq dgglwlyh frqvwdqw/ dv=

orj �Xzw � �Xzw
� @ � orj+owzw, . +4� �,kw orj+owzw,� y+ow, +43,

Orqjhylw| pdnhv wkh txhvw iru kljkhu zdjhv pruh ghvludeoh fhwhulv sdulexv1
Uhjduglqj fdslwdo0kroghuv/ li wkhuh lv vrph djuhhphqw/ wrwdo frqvxpswlrq lv gw @

nwUw/ zkhuhdv/ li wkhuh lv qr djuhhphqw/ surgxfwlrq grhv qrw wdnh sodfh dqg fdslwdo
ehfrphv xvhohvv/ vr wkdw gw lv }hur/ lpso|lqj �Xfw @ 31 Khqfh/

orj �Xfw � �Xfw
� @ +4� �,kw orj

�nwUw
kw

�

Jlyhq wkdw kw dqg nw duh jlyhq iurp wkh suhylrxv shulrg/ dqg wkdw nwUw @
|w �zwow/ orj �Xfw � �Xfw

� fdq eh zulwwhq/ xs wr dq dgglwlyh frqvwdqw/ dv=

orj �Xfw � �Xfw
� @ +4� �,kw orj +|w �zwow, +44,

Qrwh wkdw li kw lv orz/ wkhuh lv olwwoh xwlolw| wr eh jdlqhg iurp sur�wv1 Krzhyhu/
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zkhq kw lv kljkhu/ pdnlqj sur�wv ehfrphv pxfk pruh lpsruwdqw iru fdslwdo0kroghuv1
Orqjhylw| lv wkxv d pdmru ghwhuplqdqw ri wkh zhoiduh dvvrfldwhg wr d jlyhq dprxqw
ri sur�w/ dqg/ dv vxfk/ lw frqvwlwxwhv d fhqwudo dvshfw ri fdslwdo0kroghuv*v whqdflw|
zkhq edujdlqlqj zlwk wkh wudgh0xqlrq1

Zkloh orqjhylw| sod|v dovr d vlplodu uroh iru zrunhuv 0 ehfdxvh d kljkhu zdjh
lv dovr pruh zhofrph li orqjhylw| lv odujhu 0 wkh uroh ri kw lv idu ohvv lpsruwdqw iru
zrunhuv= zrunhuv zloo/ lq dq| fdvh/ olyh wkhlu �uvw shulrg/ vr wkdw/ hyhq wkrxjk kw
whqgv wr }hur/ zrunhuv vwloo qhhg d kljk zdjh1 Wklv lv qrw wkh fdvh iru fdslwdo0kroghuv=
li kw whqgv wr }hur/ fdslwdo0kroghuv kdyh qrwklqj wr jdlq iurp zdjh qhjrwldwlrqv/ vr
wkdw lw lv dv li rqo| zrunhuv duh pdnlqj wkh ghflvlrq1 Wkhuhiruh/ orqjhylw| d�hfwv
wkh zdjh edujdlqlqj lq dq dv|pphwulf pdqqhu145

Ohw xv qrz vroyh wkh edujdlqlqj sureohp1 Xqghu wkh dvvxpswlrqv pdgh/ zw fdq
eh uhjdughg dv ghwhuplqhg e| wkh pd{lpl}dwlrq ri=

orj�w @ �� orj +zwow, . �+4� �,kw orj+zwow,� �y+ow, . +4� �,+4� �,kw orj +|w �zwow,
+45,

Zh fdq qrz frqvlghu wkh wzr srvvleoh rxwfrphv ri wkh qhjrwldwlrq/ wkdw duh/
uhvshfwlyho|/ h{fhvv oderxu vxsso| dqg h{fhvv oderxu ghpdqg1

Xqghu h{fhvv oderxu vxsso|/ ow @ ogw @
�D+4��,n�wzw

� 4� 1 Khqfh/

C orj�w
C orjzw @

4
� +�owy3+ow,� ��+4� �,� +4� �,+4� �,kw, +46,
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?L| hi}@h_i_ �? @? i^���@*i?| �@) M) @ )L�?} @?_ @? L*_ �?_���_�@*�
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Htxdol}lqj wkdw h{suhvvlrq wr }hur |lhogv= owy3+ow, @ ��+4��,.+4��,+4��,kw
� / vr

wkdw lw lv srvvleoh wr uhzulwh ow dv= ow @ �
� ��+4��,.+4��,+4��,kw

�
�
/ zkhuh �3 A 3=

Wklv vxjjhvwv wkdw wkh kljkhu � lv/ wkh orzhu hpsor|phqw zloo eh1
Wr ghulyh wkh frqglwlrq xqghu zklfk h{fhvv ri oderxu vxsso| suhydlov/ lw vx�fhv

wr qrwlfh wkdw rswlpdo lqglylgxdo oderxu vxsso| lv jlyhq e|= owy3+ow, @ �.kw+4��,1
Khqfh/ wkhuh lv h{fhvv oderxu vxsso| li wkh rswlpdo oderxu vxsso| lv vxshulru wr wkh
oderxu ghpdqg uhvxowlqj iurp wkh qhjrwldwhg zdjh/ wkdw lv/ li=

� A +4� �,+4� �,kw
�� . +4� �,kw +47,

Wkxv/ li wkdw frqglwlrq krogv/ vrph xqghuhpsor|phqw h{lvwv1 Xqghuhpsor|phqw
lv pruh olnho| wkh kljkhu � lv/ dqg wkh orzhu wkh ohqjwk ri vhfrqg shulrg kw lv1 Lq0
ghhg/ li kw htxdov 3/ wkdw frqglwlrq froodsvhv wr � A 3/ zkhuhdv/ xqghu kw htxdo wr
4/ wkdw frqglwlrq froodsvhv wr � A +4��,+4��,

��.+4��, A 3/ zklfk lv d vwurqjhu frqglwlrq1
Khqfh/ d kljkhu orqjhylw| pdnhv h{fhvv oderxu vxsso| ohvv olnho|1 Lq wkh oljkw ri
wkh dv|pphwulf uroh ri orqjhylw| dv d ghwhuplqdqw ri zrunhuv dqg fdslwdo0kroghuv*v
zhoiduhv/ wklv lv qrw d vxusulvh= zkhq orqjhylw| lv kljkhu/ wkh qhjrwldwhg zdjh eh0
frphv pruh lpsruwdqw iru fdslwdo0kroghuv wkdq iru zrunhuv1 Wkxv/ wkh kljkhu kw lv/
wkh odujhu wkh +uhodwlyh, whqdflw| ri fdslwdo0kroghuv lq zdjh qhjrwldwlrqv lv/ dqg wkxv
wkh orzhu wkh uhvxowlqj zdjh lv/ vr wkdw/ xqghu d kljkhu kw/ h{fhvv oderxu vxsso| lv/
fhwhulv sdulexv/ ohvv olnho| wr rffxu wkdq xqghu d orzhu kw1

Wkh qhjrwldwhg zdjh lv htxdo wr=

zw @ D+4� �,n�w
� +4� �, ^�� . +4� �,kw`

��
���

� +48,

Li wkh deryh frqglwlrq lv vdwlv�hg/ wkdw qhjrfldwhg zdjh zw h{fhhgv wkh Zdoudvldq
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zdjh z�w / dqg wkh hfrqrp| olhv lq d vlwxdwlrq ri h{fhvv oderxu vxsso|1
Zkloh xqghuhpsor|phqw fdq eh uhjdughg/ dw wkh ohyho ri wkh xqlrq/ dv yroxqwdu|

+ehfdxvh wklv uhvxowv iurp wkh xqlrq*v dwwlwxgh lq wkh edujdlqlqj,/ wklv pd| eh
qrqhwkhohvv frqvlghuhg dv lqyroxqwdu| dw wkh ohyho ri zrunhuv/ lq wkh vhqvh wkdw lw
pd| uh�hfw xqlrq*v lqfdsdflw| wr uhsuhvhqw zrunhuv shuihfwo|146

Xqghu h{fhvv oderxu ghpdqg/ ow @ ovw @
��.+4��,kw

�
� 4
� / vr wkdw=

C orj�w
C orjzw

@ �� . �+4� �,kw � +4� �,+4� �,kw zwow
|w �zwow +49,

Htxdol}lqj wkdw frqglwlrq wr }hur |lhogv=

zw @ �|w +� . +4� �,kw,
+�� . +4� �,kw,ow +4:,

Gl�huhqwldwlqj wklv zlwk uhvshfw wr kw vkrzv wkdw d kljkhu orqjhylw| lv olnho| wr
ohdg wr d orzhu zdjh/ h{fhsw li � lv htxdo wr 4/ ru li � lv htxdo wr 41 Rwkhuzlvh/ li
fdslwdo0kroghuv kdyh vrph srzhu/ wkh qhjrwldwhg zdjh lv 0 dowkrxjk wkhuh lv h{fhvv
oderxu ghpdqg 0 vwulfwo| ghfuhdvlqj zlwk orqjhylw|/ ehfdxvh ri wkh dv|pphwulf uroh
ri orqjhylw| dv d ghwhuplqdqw ri fdslwdo0kroghuv dqg zrunhuv*v zhoiduhv1

Wkhuh lv h{fhvv oderxu ghpdqg li wkh ghulydwlyh C orj�wC orjzw lv qhjdwlyh dw wkh zdjh
z�w dw zklfk oderxu vxsso| htxdov oderxu ghpdqg1 Wklv |lhogv wkh frqglwlrq=

� ? +4� �,+4� �,kw
�� . +4� �,kw +4;,
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Wkh kljkhu kw lv/ wkh pruh olnho| h{fhvv oderxu ghpdqg lv1 Wkh qhjrwldwhg zdjh lv=

zw @ Dn� ��
�
� +� . +4� �,kw,����
+�� . +4� �,kw, +4<,

Xqghu � ? +4��,+4��,kw
��.+4��,kw / wkh qhjrfldwhg zdjh lv vwulfwo| orzhu wkdq wkh Zdoudvldq

zdjh z�w / vr wkdw wkh hfrqrp| olhv lq d vlwxdwlrq ri h{fhvv oderxu ghpdqg1

� ,^��*�Mh�@

Ohw xv qrz fkdudfwhul}h d whpsrudu| htxloleulxp lq rxu hfrqrp|/ dqg glvfxvv wkh
h{lvwhqfh/ xqltxhqhvv dqg vwdelolw| ri d qrq0wulyldo vwhdg|0vwdwh htxloleulxp1

��� Ai4TLh@h) i^��*�Mh�@

Jlyhq yduldeohv iurp wkh suhylrxv shulrg �vw�4> zw�4> ow�4> ovw�4
�/ zh fdq qrz fkdu0

dfwhul}h wkh whpsrudu| htxloleulxp inw> kw> ow> |w> zw> Uw> fw> vw> gwj dv iroorzv=

nw @ vw�4>kw @ ]z#
w�4

� ow�4
ovw�4

�!
> ow @ plq

#��� . +4� �,kw
+4� �,�4��

� 4� >
�� . +4� �,kw

�
� 4�

$

|w @ \w
Q @ DN�O4��

Q�Q4�� @ Dn�w o4��w

zw @ D+4� �,n�w plq
#��� . +4� �,kw

+4� �,�4��
���

� > ��
�
� +� . +4� �,kw,����

+4� �,+�� . +4� �,kw,
$

Uw @ DN�w O4��w �zwOw
Nw

@ Dn�w o4��w �zwow
nw

fw @ �
� . kw+4� �,zwow> vw @

kw+4� �,
� . kw+4� �,zwow> gw @ Uwvw�4

Wkh yduldeohv ow dqg zw ehlqj ghwhuplqhg e| kw e| phdqv ri vlqjoh0ydoxhg ixqfwlrqv
o+kw, dqg z+kw,/ wkdw v|vwhp gh�qhv d xqltxh whpsrudu| htxloleulxp1

Wkdw whpsrudu| htxloleulxp fdq eh hlwkhu dq htxloleulxp dw zklfk wkhuh lv h{fhvv
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oderxu vxsso|/ ru h{fhvv oderxu ghpdqg/ ghshqglqj rq zkhwkhu=

�
A
@
?

+4� �,+4� �,kw
�� . +4� �,kw

Wkdw frqglwlrq ghshqgv rq kw/ dv zhoo dv rq sdudphwhuv �/ � dqg �1

��2 W?|ih�|i4TLh@* i^��*�Mh�@

61514 H{lvwhqfh

Uhjduglqj wkh h{lvwhqfh ri d vwhdg|0vwdwh htxloleulxp/ wkh deryh v|vwhp vxjjhvwv
wkdw/ li kw lv frqvwdqw/ lqglylgxdo hpsor|phqw ow dqg lqglylgxdo oderxu vxsso| ovw duh
frqvwdqw/ vr wkdw xqghuhpsor|phqw lv frqvwdqw1 Khqfh/ li nw dqg kw duh frqvwdqw/
doo yduldeohv duh frqvwdqw1 Wkxv/ d vwhdg|0vwdwh htxloleulxp uhtxluhv wzr frqglwlrqv=

nw.4 @ kw+4� �,
� . kw+4� �,z+nw> kw,ow+kw, @ nw

kw.4 @ ] +z+nw> kw,,# +h+kw,,! @ kw

zkhuh h+kw, ghqrwhv wkh hpsor|phqw ixqfwlrq/ gh�qhg dv h+kw, @ plq
� ow+kw,
ovw +kw, > 4

�
1

Ohw xv qrz gh�qh wkh nn orfxv/ dv wkh vhw ri srlqwv lq wkh +n> k, vsdfh dorqj
zklfk nw lv frqvwdqw=

n @
�D+4� �,+4� �,k

� . +4� �,k �
� 4

4�� � 4
4�� +53,

zkhuh � � plq
�� ��.+4��,k

+4��,�4��
���

� > ��
�� +�.+4��,k, ����

+4��,+��.+4��,k,
�
>� � plq

�� ��.+4��,k
+4��,�4��

� 4� >
��.+4��,k

�
� 4�
�
1
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Li/ iru d jlyhq k ohyho/ n lv kljkhu wkdq wklv ohyho/ n pxvw idoo1 Rq wkh frqwudu|/ li/
iru d jlyhq k ohyho/ n lv orzhu wkdq wkh deryh ohyho/ n pxvw jurz1

Vlploduo|/ wkh kk orfxv lv gh�qhg dv iroorzv=

n @
�]
k +D+4� �,�,#

��4
�#

5
97plq

3
EC
� +4��,^��.+4��,k`

��
� 4
�

��.+4��,k
�

� 4
�

> 4
4
FD
6
:8

�!
�#

+54,

Iru d jlyhq k/ d fdslwdo vwrfn h{fhhglqj wklv fulwlfdo ohyho ohdgv wr d ulvh lq k/ zkhuhdv
d fdslwdo vwrfn orzhu wkdq lw ohdgv wr d idoo lq k1

Dfwxdoo|/ wkh txhvwlrq ri wkh h{lvwhqfh ri d vwhdg|0vwdwh lq wkh hfrqrp| fdq eh
irupxodwhg dv zkhwkhu wkh nn orfxv dqg kk orfxv lqwhuvhfw1 Zkhwkhu wkh vwhdg|0
vwdwh lv fkdudfwhul}hg e| vrph xqghuhpsor|phqw ru qrw ghshqgv rq zkhwkhu wkh wzr
orfl lqwhuvhfw lq dq duhd ri wkh +k> n, vsdfh zkhuh orqjhylw| lv lqihulru ru vxshulru wr
wkh ohyho dvvrfldwhg wr wkh deryh xqghuhpsor|phqw frqglwlrq1

Dv zh vkdoo qrz vhh/ ydulrxv fdvhv pd| dulvh/ ghshqglqj rq zkhwkhu d vwhdg|0
vwdwh h{lvwv ru qrw/ dqg/ li |hv/ rq lwv fkdudfwhulvwlfv +xqghuhpsor|phqw ru qrw,1

Iljxuh 4 vkrzv wkdw/ xqghu � @ 3=4/ � @ 3=8 dqg � @ 3=8/ wkh wzr orfl lqwhuvhfw lq
dq duhd ri wkh +k> n, vsdfh fkdudfwhul}hg e| ixoo hpsor|phqw1 Jlyhq wkh ydoxhv ri �/
� dqg �/ lw lv zkhq k htxdov 31458 wkdw oderxu ghpdqg htxdov oderxu vxsso|1 Khqfh/
doo whpsrudu| htxloleuld rq wkh ohiw ri wkh yhuwlfdo grwwhg olqh +dw k @ 3=458, duh
xqghuhpsor|phqw htxloleuld/ zkhuhdv doo htxloleuld rq wkh uljkw duh ixoo hpsor|phqw
htxloleuld1 Wkh vwhdg|0vwdwh lv khuh d ixoo hpsor|phqw htxloleulxp147

^Sodfh Iljxuh 4 durxqg khuh`

Zkhuhdv Iljxuh 4 vkrzhg wkh h{lvwhqfh ri d ixoo hpsor|phqw htxloleulxp xqghu d
orz �/ vxfk d orz edujdlqlqj srzhu ri zrunhuv grhv qrw jxdudqwhh d ixoo hpsor|phqw
�e�? 6�}�hi �c � ' 2fc k ' f�Dc q ' f�Dc B ' f��c � ' f�2c � ' f��c ~ ' f�2�
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vwhdg|0vwdwh1 Dv vkrzq rq Iljxuh 5/ edg h{rjhqrxv vxuylydo frqglwlrqv +d orzhu
sdudphwhu ], fdq/ ghvslwh wkh orz �/ ohdg wr dq xqghuhpsor|phqw vwhdg|0vwdwh148

Ohw xv qrz frqvlghu wkh fdvh zkhuh zrunhuv kdyh d eljjhu edujdlqlqj srzhu1 Lw
iroorzv iurp wkh frqglwlrq xqghuolqhg lq Vhfwlrq 5 wkdw/ li � lv �{hg wr 425 dqg � wr
425/ wkhq/ iru dq| ydoxh ri k 5 ^3> 4`/ h{fhvv oderxu vxsso| zloo suhydlo iru ydoxhv ri
� kljkhu wkdq 4261 Wkxv/ li rqh vxssrvhv wkdw � lv 425/ wkh vwhdg|0vwdwh/ li lw h{lvwv/
pxvw eh fkdudfwhul}hg e| xqghuhpsor|phqw/ dv rq Iljxuh 6149

^Sodfh Iljxuhv 5/ 6 dqg 7 durxqg khuh`

Krzhyhu/ zkloh wklv prgho dffrxqwv iru wkh h{lvwhqfh ri ixoo hpsor|phqw dqg
xqghuhpsor|phqw vwhdg|0vwdwhv/ wkh h{lvwhqfh ri vxfk qrq0wulyldo htxloleuld lv qrw
dozd|v jdudqwhhg/ dv vkrzq e| Iljxuh 7/ zkhuh }hur lv wkh xqltxh vwhdg|0vwdwh14:

Wkh srvvlelolw| ri qrq0h{lvwhqfh ri d qrq0wulyldo vwhdg|0vwdwh udlvhv wkh txhvwlrq
ri wkh frqglwlrqv wkdw jdudqwhh wkh h{lvwhqfh ri vxfk dq htxloleulxp1

Sursrvlwlrq 4 Lq wkh fdvh zkhuh � A +4��,+4��,
��.+4��, / wkh iroorzlqj frqglwlrqv vx�fh

wr jdudqwhh wkh h{lvwhqfh ri d qrq0wulyldo xqghuhpsor|phqw vwhdg|0vwdwh=

] ^D+4� �,` #
4�� +4� �, �#

4��
���.+4��,

+4��,�4�
�!
� ? 4 > �#

4�� ? 4

Sursrvlwlrq 5 Lq wkh fdvh zkhuh 3 ? � � +4��,+4��,
��.+4��, / wkh iroorzlqj frqglwlrqv vxi0

�fh wr jdudqwhh wkh h{lvwhqfh ri d qrq0wulyldo vwhdg|0vwdwh/ zklfk fdq eh fkdudfwhul}hg
hlwkhu e| vrph xqghuhpsor|phqw ru e| ixoo hpsor|phqw=

] ^D+4� �,` #
4�� +4� �, �#

4��
���.+4��,

+4��,�4�
� �#4�� ? 4 > �#

4�� ? 4
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Sursrvlwlrq 6 Lq wkh fdvh zkhuh � @ 3/ wkhuh h{lvwv d xqltxh vwhdg|0vwdwh= +3> 3,1

Wkh lqwxlwlrq ehklqg wkrvh uhvxowv jrhv dv iroorzv14;

Lq wkh fdvh zkhuh zrunhuv kdyh d vwurqj edujdlqlqj srzhu � A +4��,+4��,
��.+4��, / wzr

frqglwlrqv jdudqwhh wkh h{lvwhqfh ri d qrq0wulyldo vwhdg|0vwdwh1 Wkh �uvw/ wulyldo/
frqglwlrq lv wkdw/ zkhq orqjhylw| kw whqgv wr lwv xsshu erxqg +htxdo wr 4,/ wkh odzv
ri ghprjudsk| dqg hfrqrp| duh vxfk wkdw kw.4 uhpdlqv zlwklq wkh lqwhuydo ^3> 4`
rq zklfk orqjhylw| lv gh�qhg14< Wkh vhfrqg frqglwlrq/ zklfk lpsrvhv wkdw �#

4��

pxvw eh vwulfwo| orzhu wkdq 4/ lpsrvhv d uhvwulfwlrq rq wkh lpsruwdqfh ri fdslwdo lq
wkh surgxfwlrq surfhvv/ dqg rq wkh hodvwlflw| ri orqjhylw| zlwk uhvshfw wr wkh uhdo
zdjh1 Wkdw frqglwlrq lv txlwh zhdn= jlyhq wkdw # lv olnho| wr eh orz/ wkh frqglwlrq
pd| eh vdwlv�hg hyhq zkhq � wdnhv kljk ydoxhv1 Wkrvh frqglwlrqv uhpdlq doprvw
xqfkdqjhg zkhq � lv doorzhg wr wdnh d srvlwlyh ydoxh lqihulru wr +4��,+4��,

��.+4��, 1 Ilqdoo|/
li wudgh0xqlrqv kdyh qr edujdlqlqj srzhu +� @ 3,/ lw lv reylrxv/ jlyhq wkdw fdslwdo lv
dffxpxodwhg wkurxjk zrunhuv* vdylqjv/ wkdw wkh hfrqrp| pxvw qhfhvvdulo| froodsvh1

61515 Xqltxhqhvv

Zh duh qrz lq srvlwlrq wr glvfxvv wkh xqltxhqhvv ri d qrq0wulyldo vwhdg|0vwdwh1 Iru
wkdw sxusrvh/ zh vkdoo �uvw frqvlghu wkh xqltxhqhvv ri d ixoo hpsor|phqw vwhdg|0
vwdwh/ dqg/ wkhq/ wkh xqltxhqhvv ri dq xqghuhpsor|phqw vwhdg|0vwdwh1

Uhjduglqj wkh xqltxhqhvv ri d vwhdg|0vwdwh dw zklfk wkhuh h{lvwv qr h{fhvv oderxu
vxsso|/ lw lv hdv| wr vhh wkdw vxfk dq htxloleulxp/ li lw h{lvwv/ pxvw qhfhvvdulo| eh
wkh xqltxh vwhdg|0vwdwh zlwk wkdw surshuw|/ dv vwdwhg ehorz153

Sursrvlwlrq 7 Li lw h{lvwv/ d +qrq0wulyldo, ixoo hpsor|phqw vwhdg|0vwdwh pxvw eh wkh
xqltxh ixoo hpsor|phqw vwhdg|0vwdwh1
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Ohw xv jlyh vrph lqwxlwlrqv ehklqg wkdw uhvxow1 Dv looxvwudwhg e| Iljxuh 8/
zklfk vkrzv wkh ixoo hpsor|phqw vwhdg|0vwdwh xqghu wkh fdoleudwlrq ri Iljxuh 4/ wkh
ixqfwlrq kw.4 @ J+kw,/ rewdlqhg e| vxevwlwxwlqj wkh nn orfxv zlwklq wkh kk orfxv/ lv
ghfuhdvlqj rqfh xqghuhpsor|phqw kdv glvdsshduhg +l1h1 rqfh kw A 3=458,154 Wkxv/
J+kw, fdq qr orqjhu lqwhuvhfw wkh 78� olqh rqfh ixoo hpsor|phqw suhydlov155

^Sodfh Iljxuh 8 durxqg khuh`

Wkh qhjdwlyh vorsh ri J+kw, xqghu ixoo hpsor|phqw lv gxh wr wkh idfw wkdw/ xqghu
ixoo hpsor|phqw/ kw.4 ghshqgv rqo| rq zw/ zklfk d�hfwv lw srvlwlyho|1 Krzhyhu/ kw
kdv/ fhwhulv sdulexv/ d qhjdwlyh lpsdfw rq wkh qhjrwldwhg zdjh zw/ vr wkdw/ xqghu ixoo
hpsor|phqw/ kw dqg kw.4 duh qhjdwlyho| uhodwhg wr hdfk rwkhuv/ dv uh�hfwhg e| wkh
qhjdwlyh vorsh ri J+kw, rq wkh uljkw ri wkh yhuwlfdo grwwhg olqh1 Wkxv/ zkhq lw h{lvwv/
d ixoo hpsor|phqw vwhdg|0vwdwh pxvw eh wkh xqltxh ixoo hpsor|phqw vwhdg|0vwdwh1

Krzhyhu/ grhv xqltxhqhvv dovr suhydlo zkhq dq xqghuhpsor|phqw vwhdg|0vwdwh
h{lvwvB Dfwxdoo|/ dq xqghuhpsor|phqw vwhdg|0vwdwh lv qrw qhfhvvdulo| xqltxh= wkuhh
fdvhv pd| rffxu/ ghshqglqj rq wkh sdudphwhuv �> �> # dqg !1

Iluvwo|/ wkh xqghuhpsor|phqw vwhdg|0vwdwh/ li lw h{lvwv/ pd| eh xqltxh/ dv rq
Iljxuh 9156 Dowhuqdwlyho|/ lw pd| eh wkh fdvh/ dv rq Iljxuh :/ wkdw dq xqghuhp0
sor|phqw vwhdg|0vwdwh +rq wkh ohiw ri wkh yhuwlfdo grwwhg olqh, frh{lvwv zlwk d ixoo
hpsor|phqw vwhdg|0vwdwh +rq wkh uljkw ri wkh yhuwlfdo grwwhg olqh,157 Wkh srvvlelolw|
ri frh{lvwhqfh ri wzr gl�huhqw nlqgv ri vwhdg|0vwdwhv grhv qrw frq�lfw zlwk Sursrvl0
wlrq 7= zkloh Sursrvlwlrq 7 zdv edvhg rq wkh surshuw| ri d qhjdwlyh ghulydwlyh J3+k,
lq wkh ixoo hpsor|phqw duhd/ wkdw surshuw| grhv qrw suhyhqw wkh ixqfwlrq J+k, iurp
furvvlqj wkh 78� olqh lq wkh xqghuhpsor|phqw duhd1
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^Sodfh Iljxuhv 9/ : dqg ; durxqg khuh`

Ilqdoo|/ wzr xqghuhpsor|phqw vwhdg|0vwdwhv pd| dovr frh{lvw/ dv rq Iljxuh ;158

Khuh/ wkh edujdlqlqj srzhu ri wudgh0xqlrqv lv �{hg wr vxfk d kljk ohyho +l1h1 � @ 3=<,
wkdw qr ixoo hpsor|phqw vwhdg|0vwdwh h{lvwv1 Qrqhwkhohvv/ wkhuh h{lvw wzr glvwlqfw
xqghuhpsor|phqw vwhdg|0vwdwhv/ rqh wdnlqj sodfh d orz orqjhylw| ohyho/ zkhuhdv wkh
rwkhu rffxuv dw d kljk orqjhylw| ohyho1

61516 Vwdelolw|

Ohw xv qrz frqvlghu wkh vwdelolw| ri vwhdg|0vwdwhv judsklfdoo|159 +3> 3, ehlqj dozd|v
d vwhdg|0vwdwh/ zh vkdoo frqfhqwudwh khuh rq wkh orfdo vwdelolw| ri qrq0wulyldo vwhdg|0
vwdwhv1 Khuh djdlq/ vhyhudo fdvhv vkrxog eh glvwlqjxlvkhg1

Lq wkh fdvh zkhuh wkhuh h{lvwv d qrq0wulyldo ixoo hpsor|phqw vwhdg|0vwdwh/ vxfk
dq htxloleulxp pxvw eh xqltxh1 Dv looxvwudwhg e| Iljxuh 4elv/ d ixoo hpsor|phqw
vwhdg|0vwdwh lv olnho| wr eh orfdoo| vwdeoh= zkdwhyhu wkh lqlwldo fdslwdo dqg orqjhylw|
duh/ wkhuh pxvw eh d frqyhujhqfh wrzdugv wkh vwhdg|0vwdwh1

^Sodfh Iljxuh 4elv durxqg khuh`

Rq wkh ohiw ri wkh kk orfxv/ orqjhylw| pxvw jurz/ zkhuhdv/ rq wkh uljkw ri lw/
k pxvw idoo1 Khqfh/ li wkh lqlwldo orqjhylw| ohyho lv/ iru lqvwdqfh/ 3=5/ orqjhylw| zloo
jurz1 Wzr fdvhv fdq dulvh/ ghshqglqj rq wkh lqlwldo ohyho ri fdslwdo= li lw olhv ehorz
wkh nn orfxv +dv rq Iljxuh 4elv/ zkhuh n3 @ 3=8,/ erwk fdslwdo dqg orqjhylw| zloo
jurz wrzdugv wkh vwhdg|0vwdwh> li/ rq wkh frqwudu|/ n3 olhv deryh wkh nn orfxv/ wkhuh
zloo eh/ lq d �uvw vwdjh/ d ulvh lq k dqg d idoo lq n xqwlo wkh hfrqrp| kdv hqwhuhg wkh
duhd ehwzhhq wkh wzr orfl/ zkhuh erwk k dqg n jurz1
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Zkloh d ixoo hpsor|phqw vwhdg|0vwdwh/ zkhq lw lv wkh xqltxh vwhdg|0vwdwh/ lv
olnho| wr eh orfdoo| vwdeoh/ rqh vkrxog qrwlfh wkdw/ zkhq lw frh{lvwv zlwk dq xq0
ghuhpsor|phqw vwhdg|0vwdwh/ wkh ixoo hpsor|phqw vwhdg|0vwdwh lv/ xqolnh wkh rwkhu
htxloleulxp/ orfdoo| vwdeoh1 Wr vhh wklv/ ohw xv wxuq edfn wr Iljxuh :/ dqg frqvlghu
wkh lqlwldo vlwxdwlrq +n3 @ 9> k3 @ 3=:,1 Dv looxvwudwhg rq Iljxuh :elv +vkrzlqj wkh
�uvw 43 whpsrudu| htxloleuld,/ wkh hfrqrp| zloo pryh xszdugv lq wkh duhd ehwzhhq
wkh orfl/ dqg zloo frqyhujh wrzdugv wkh ixoo hpsor|phqw vwhdg|0vwdwh1

Wkh xqvwdelolw| ri wkh orz vwhdg|0vwdwh dsshduv dovr fohduo|= iru d voljkwo| kljkhu
orqjhylw| ohyho/ wkh hfrqrp|/ ehlqj lq wkh duhd dw wkh ohiw ri wkh vwhdg|0vwdwh/ ehwzhhq
wkh nn dqg wkh kk orfl/ zloo eh sxvkhg dzd| wrzdugv wkh kljk vwhdg|0vwdwh> rq wkh
frqwudu|/ iru d voljkwo| orzhu orqjhylw| ohyho/ wkh hfrqrp|/ zklfk olhv lq dq duhd
zkhuh erwk orqjhylw| dqg fdslwdo pxvw idoo/ zloo frqyhujh wrzdugv wkh ruljlq ri d{lv1

Dowkrxjk Iljxuh :elv vkrzv dq xqvwdeoh xqghuhpsor|phqw vwhdg|0vwdwh/ xqvwd0
elolw| grhv qrw dozd|v suhydlo iru wkdw nlqg ri htxloleulxp1 Dfwxdoo|/ wkhuh fdq h{lvw
d orfdoo| vwdeoh vwhdg|0vwdwh zlwk xqghuhpsor|phqw lq wzr fdvhv= �uvwo|/ zkhq wklv
lv xqltxh> dqg/ vhfrqgo|/ zkhq wkhuh h{lvw vhyhudo xqghuhpsor|phqw vwhdg|0vwdwhv1
Zh vkdoo khuh frqfhqwudwh rq wkh odwwhu fdvh1

^Sodfh Iljxuhv :elv dqg ;elv durxqg khuh`

Gudzlqj wkh krul}rqwdo dqg yhuwlfdo duurzv rq Iljxuh ;elv/ edvhg rq Iljxuh ;/
vkrzv wkdw wkh kljkhu xqghuhpsor|phqw vwhdg|0vwdwh lv orfdoo| vwdeoh/ zkhuhdv wkh
orzhu xqghuhpsor|phqw vwhdg|0vwdwh lv xqvwdeoh1 Wr looxvwudwh wkh orfdo vwdelolw|
ri wkh kljk xqghuhpsor|phqw htxloleulxp/ zh frpsxwhg wkh �uvw 48 whpsrudu|
htxloleuld vwduwlqj iurp +n3 @ 4=8/ k3 @ 3=;3,1 Wkxv/ zkloh dq xqghuhpsor|phqw
vwhdg|0vwdwh lv xqvwdeoh zkhq lw frh{lvwv zlwk d ixoo hpsor|phqw htxloleulxp/ wklv
lv qrw qhfhvvdulo| wuxh zkhq lw frh{lvwv zlwk dq xqghuhpsor|phqw vwhdg|0vwdwh1
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Ohw xv qrz h{dplqh wkh lpsdfw/ fhwhulv sdulexv/ ri d fkdqjh ri d sdudphwhu rq
wkh vwhdg|0vwdwh1 Iru wkdw sxusrvh/ zh vkdoo/ iru hdfk sdudphwhu/ frqvlghu wzr glv0
wlqfw fdvhv= dq lqlwldo ixoo hpsor|phqw vwhdg|0vwdwh dqg dq lqlwldo xqghuhpsor|phqw
vwhdg|0vwdwh1

Lw grhv qrw frph dv d vxusulvh wkdw wkh edujdlqlqj srzhu ri zrunhuv � kdv d
vwurqj lq�xhqfh rq vwhdg|0vwdwh fdslwdo dqg orqjhylw|1 Dv vkrzq e| Iljxuh <d/ d
ulvh lq � iurp 3143 wr 3148/ e| vkliwlqj wkh nn orfxv xszdugv/ kdv d srvlwlyh h�hfw rq
vwhdg|0vwdwh fdslwdo15: Pruhryhu/ wklv whqgv dovr khuh wr sxvk wkh kk orfxv wrzdugv
wkh uljkw/ vr wkdw vwhdg|0vwdwh orqjhylw| lv dovr lqfuhdvhg1 Exw wkh ulvh lq zrunhuv*
edujdlqlqj srzhu grhv qrw/ lq wklv fdvh/ fuhdwh xqghuhpsor|phqw= dowkrxjk wkh
yhuwlfdo grwwhg olqh vkliwv wr wkh uljkw zlwk wkh ulvh ri �/ wkh qhz vwhdg|0vwdwh vwloo
olhv dw wkh uljkw ri wkdw olqh/ vr wkdw ixoo hpsor|phqw vwloo krogv xqghu wkh kljk �1

Krzhyhu/ wkdw odwwhu uhvxow grhv qrw dozd|v krog= d ulvh lq � fdq dovr pdnh
xqghuhpsor|phqw dsshdu1 Rq Iljxuh <e/ zkhuh � lv htxdo wr 316/ wkh qhz vwhdg|0
vwdwh olhv rq wkh ohiw ri wkh qhz yhuwlfdo grwwhg olqh1 Khqfh/ wkh qhz vwhdg|0vwdwh lv qr
orqjhu d ixoo hpsor|phqw rqh1 Wkxv/ vwduwlqj iurp d ixoo hpsor|phqw vwhdg|0vwdwh/
d ulvh lq wkh zrunhuv* edujdlqlqj srzhu fdq ghwhulrudwh hpsor|phqw1 Vlploduo|/ li
xqghuhpsor|phqw suhydlov lqlwldoo|/ d ulvh lq � zloo ghwhulrudwh hpsor|phqw1

^sodfh Iljxuhv <d/e/f/g durxqg khuh`

Zkhuhdv wkrvh h{dpsohv vxjjhvw wkdw wkh ulvh lq �/ dowkrxjk lw pd| ghwhulrudwh
hpsor|phqw/ pd| lqfuhdvh n� dqg k�/ lw pljkw eh wkh fdvh/ li xqghuhpsor|phqw
d�hfwv k vljql�fdqwo| +l1h1 xqghu d kljkhu !,/ wkdw d ulvh lq � uhgxfhv k�1 Wkdw fdvh
lv looxvwudwhg rq Iljxuh <f/ zklfk vkrzv wkh h�hfw ri d ulvh ri � iurp 3=4 wr 3=6 xqghu
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# htxdo wr 314 dqg ! htxdo wr 31<15; Khqfh/ d ulvh lq � fdq/ ghvslwh lwv srvlwlyh h�hfw
rq n�/ ohdg wr d orzhu k�1 Pruhryhu/ zkhuhdv wkh deryh ulvhv ri � whqghg wr lqfuhdvh
n�/ wklv lv qrw qhfhvvdulo| wuxh1 Dv vxjjhvwhg e| Iljxuh <g/ vkrzlqj wkh lpsdfw ri
d ulvh ri � iurp 3=8 wr 3=;/ d ulvh lq � fdq vkliw wkh kk orfxv wr wkh ohiw dqg wkh nn
orfxv wr wkh uljkw/ vr wkdw erwk vwhdg|0vwdwh k dqg n olh ehorz wkhlu lqlwldo ohyhov15<

Lq vxp/ d ulvh lq zrunhuv* edujdlqlqj srzhu fdq kdyh txlwh gl�huhqw h�hfwv rq
vwhdg|0vwdwh fdslwdo/ orqjhylw| dqg hpsor|phqw/ ghshqglqj rq wkh lqlwldo dqg �qdo
ohyhov ri �= zkloh d ulvh lq � fdq/ zkhq � lv orz/ hqkdqfh erwk n� dqg k� zlwkrxw
ghwhulrudwlqj hpsor|phqw/ lw pd| uhgxfh n�/ k� dqg h� zkhq � lv kljk1 Pruhryhu/
wkh lpsdfw ri � rq wkh vwhdg|0vwdwh lv lq�xhqfhg e| ghprjudsklf sdudphwhuv1 Jlyhq
wkh qhjdwlyh uhodwlrq ehwzhhq hpsor|phqw dqg �/ wkh lpsdfw ri d ulvh lq � rq n�

dqg k� lv pruh olnho| wr eh idyrxudeoh wkh kljkhu # lv/ dqg wkh orzhu ! lv1
Ohw xv qrz wxuq wr wkh lpsdfw ri ghprjudsklf sdudphwhuv # dqg !1 Dv vkrzq

e| Iljxuh 43d/ d ulvh lq # ohdgv/ fhwhulv sdulexv/ wr d vkliw ri wkh kk orfxv wrzdugv
wkh uljkw/ zklfk lpsolhv kljkhu vwhdg|0vwdwh fdslwdo dqg orqjhylw|163 Pruhryhu/
zkloh d kljkhu # grhv qrw d�hfw hpsor|phqw li wkh lqlwldo vwhdg|0vwdwh lqyroyhg ixoo
hpsor|phqw/ lw uhgxfhv xqghuhpsor|phqw zkhq wkh lqlwldo vwhdg|0vwdwh lqyroyhg
xqghuhpsor|phqw/ dv vkrzq rq Iljxuh 43e164 Lq wkdw odwwhu fdvh/ wkh vxevwdqwldo
ulvh lq # ohdgv wr d ixoo hpsor|phqw vwhdg|0vwdwh1

Qdwxudoo|/ d fkdqjh lq ! d�hfwv wkh vwhdg|0vwdwh rqo| li xqghuhpsor|phqw suh0
ydlohg lqlwldoo|1 Iljxuh 43f vkrzv wkdw/ li wkh lqlwldo htxloleulxp h{klelwv xqghu0
hpsor|phqw/ d ulvh lq ! uhgxfhv n�dqg k�/ dqg/ khqfh/ ghwhulrudwhv hpsor|phqw
ixuwkhu165 Rq wkh frqwudu|/ wkh sdudphwhu ]> dffrxqwlqj iru wkh h{rjhqrxv idfwruv
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d�hfwlqj orqjhylw|/ kdv d srvlwlyh lq�xhqfh rq n� dqg k�/ dv zhoo dv rq h� +li vrph
xqghuhpsor|phqw suhydloohg lqlwldoo|,/ dv vkrzq e| Iljxuh 43g166

^Sodfh Iljxuhv 43d/e/f/g durxqg khuh`

Ohw xv qrz frqvlghu wkh lq�xhqfh ri suhihuhqfh sdudphwhuv � dqg �= Dv vkrzq
e| Iljxuh 44d/ d ulvh lq � 0 lpso|lqj wkdw lqglylgxdov dvvljq d kljkhu ydoxh wr wkh
suhvhqw frpsduhg wr wkh ixwxuh 0 whqgv wr sxvk wkh nn orfxv grzqzdugv/ dqg wr sxvk
wkh kk orfxv wr wkh uljkw167 Wklv lpsolhv d orzhu n�/ exw kdv dq lqghwhuplqdwh h�hfw
rq k�1 Pruhryhu/ wkh lpsdfw ri d kljkhu � rq h�/ dowkrxjk lqh{lvwdqw rq Iljxuh 44d/
pd| eh qrq0qhjoljleoh= xqghu dowhuqdwlyh frqglwlrqv/ lw pd| eh wkh fdvh wkdw wkh
qhz vwhdg|0vwdwh olhv rq wkh ohiw ri wkh qhz yhuwlfdo grwwhg olqh +zklfk kdv vkliwhg
wr wkh uljkw,1 Ixuwkhupruh/ li wkh lqlwldo htxloleulxp h{klelwhg xqghuhpsor|phqw/
d kljkhu � zrxog ghwhulrudwh hpsor|phqw ixuwkhu1 Dv vkrzq e| Iljxuh 44e/ wkh
sdudphwhu � whqgv wr kdyh d uhodwlyho| vpdoo 0 doprvw qhjoljleoh 0 lpsdfw rq wkh
vwhdg|0vwdwh/ dv orqj dv lw uhpdlqv vxshulru wr xqlw| +dv vxssrvhg khuh,168

^Sodfh Iljxuh 44d/e durxqg khuh`

Wkrvh ydulrxv h�hfwv duh vxppdul}hg rq wkh wdeoh ehorz1 D �uvw revhuydwlrq
frqfhuqv wkh lpsruwdqfh ri ghprjudsklf sdudphwhuv #> ! dqg ]/ zklfk lq�xhqfh
qrw rqo| vwhdg|0vwdwh orqjhylw|/ exw/ dovr/ vwhdg|0vwdwh fdslwdo dqg 0 surylghg vrph
xqghuhpsor|phqw suhydlov lqlwldoo| 0 vwhdg|0vwdwh xqghuhpsor|phqw1

^Sodfh Wdeoh 4 durxqg khuh`
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Dqrwkhu srlqw wr eh vwuhvvhg lv wkh 0 dpeljxrxv 0 lpsdfw ri zrunhuv*v edujdlqlqj
srzhu rq vwhdg|0vwdwh fdslwdo/ orqjhylw| dqg hpsor|phqw1 Wkxv/ d kljkhu � lv qrw
qhfhvvdulo| ehwwhu iru zrunhuv/ vr wkdw/ dowkrxjk vwulfwo| srvlwlyh/ wkh rswlpdo � pd|
eh orzhu wkdq 4/ ghshqglqj rq wkh sdudphwhuv ri wkh prgho1

Lq vxp/ wklv frpsdudwlyh vwdwlfv h{huflvh kljkoljkwv wkdw wkh orqj uxq htxloleulxp
ghshqgv rq sdudphwhuv ri ydulrxv qdwxuhv= qrw rqo| surgxfwlrq sdudphwhuv/ exw/
dovr/ ghprjudsklf/ srolwlfdo/ dqg ehkdylrxudo sdudphwhuv1

D 5�Lh|�h�? @?_ *L?}�h�? _)?@4�Ut

Wkh g|qdplfv ri hfrqrplhv zlwk gl�huhqw � Ohw xv �uvw frqvlghu wkuhh
hfrqrplhv wkdw gl�hu rqo| uhjduglqj zrunhuv*v edujdlqlqj srzhu1 Doo hfrqrplhv
h{klelw lqlwldoo| d orqjhylw| k3 htxdo wr 3158 +wklv fruuhvsrqgv/ iru d zrunlqj shulrg
ri ohqjwk 73 |hduv/ wr d wrwdo ohqjwk ri olih ri 98 . 43 @ :8 |hduv,/ dqg dq lqlwldo
fdslwdo vwrfn n3 htxdo wr 41 Pruhryhu/ � lv htxdo wr 3168/ zkhuhdv D lv �{hg wr 531
Ixoo ghsuhfldwlrq lv khuh qdwxudo jlyhq wkh ohqjwk ri d shulrg +htxdo wr 73 |hduv,1
Uhjduglqj suhihuhqfhv/ zh vkdoo dvvxph wkdw � htxdov 319/ dqg wkdw � htxdov 51

Xqghu dq lqlwldo k htxdo wr 3158/ �{lqj � dw 316 |lhogv dq lqlwldo xqghuhpsor|phqw
udwh ri 91< shufhqwv1 Dowhuqdwlyho|/ dvvxplqj � htxdo wr 318 dqg 31: |lhogv dq lqlwldo
xqghuhpsor|phqw ri uhvshfwlyho| 461; dqg 491< shufhqwv1

Li ghprjudsklf sdudphwhuv #/ ! dqg ] duh htxdo wr uhvshfwlyho| 315/ 314 dqg 316/
wkh vwhdg|0vwdwh orqjhylw| lv htxdo/ iru � htxdo wr 316/ 318 dqg 31:/ wr derxw 3189/
zklfk fruuhvsrqgv wr d vwhdg|0vwdwh orqjhylw| ri derxw ;:18 |hduv1

Iljxuhv 45d0f looxvwudwh wkh g|qdplfv ri fdslwdo dffxpxodwlrq/ orqjhylw| dqg
xqghuhpsor|phqw iru wkrvh wkuhh hfrqrplhv +wkh hfrqrp| zlwk � @ 3=6 dsshduv lq
erog/ wkh rqh zlwk � @ 3=8 dsshduv lq wklq/ dqg wkh rqh zlwk � @ 3=: dsshduv lq
grwwhg olqhv,1 Hfrqrplhv duh uhsuhvhqwhg iurp shulrg 3 wr shulrg 431
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^Sodfh Iljxuhv 45d/e/f durxqg khuh`

Dv vkrzq e| Iljxuh 45d/ wkh lqwhuqdwlrqdo jds lq n/ zklfk lv lqlwldoo| vpdoo/
jurzv ryhu wlph/ dqg lv vwdelol}hg dw d kljk ohyho +hvshfldoo| li rqh frqwudvwv n�

xqghu � @ 3=8 dqg � @ 3=:,1 Wkxv/ gl�huhqfhv lq � dfurvv frxqwulhv kdyh wkhlu eljjhu
h�hfwv lq wkh orqj uxq1 Zkhuhdv wkh hfrqrp| zlwk wkh orzhvw � h{klelwv d kljkhu
n� wkdq wkh hfrqrp| zlwk � htxdo wr 318 xs wr shulrg 8/ wkh wzr fxuyhv furvv hdfk
rwkhuv durxqg shulrg 9/ vr wkdw wkh hfrqrp| zlwk � htxdo wr 318 h{klelwv d kljkhu n�

wkdq hfrqrplhv zkhuh hlwkhu fdslwdo0kroghuv ru zrunhuv duh grplqdqw1 Wkh uhodwlrq
ehwzhhq n� dqg � lv wkxv qrq0prqrwrqlf/ dv zh vdz deryh1

Uhjduglqj orqjhylw|/ Iljxuh 45e vxjjhvwv wkdw wkhuh h{lvwv/ dw wkh vwhdg|0vwdwh/ d
vpdoo jds lq idyrxu ri wkh hfrqrp| zkhuh � @ 3=8/ dowkrxjk wkh jds lv vpdoohu wkdq
lq whupv ri n�1 Wkxv/ wkh uhodwlrq ehwzhhq � dqg k� lv qrq0prqrwrqlf= d kljkhu
edujdlqlqj srzhu iru zrunhuv grhv qrw qhfhvvdulo| ohdg wr d orqjhu olih1

Krzhyhu/ wkh uhodwlrq ehwzhhq � dqg vwhdg|0vwdwh xqghuhpsor|phqw lv khuh/ dv
vkrzq e| Iljxuh 45f/ prqrwrqlf1 Wkh jds ehwzhhq wkh hfrqrp| zlwk � @ 3=: dqg
wkh rqh zlwk � @ 3=6/ zklfk dprxqwv wr 43 shufhqw lqlwldoo|/ lv pxfk odujhu dw wkh
vwhdg|0vwdwh1 Khqfh/ d 0 uhodwlyho| vpdoo 0 lqwhuqdwlrqdo gl�huhqwldo lq � fdq vx�fh
wr jhqhudwh d odujh xqghuhpsor|phqw jds dw wkh vwhdg|0vwdwh1

Lq wkh deryh h{dpsoh/ gl�huhqfhv lq wkh glylvlrq ri edujdlqlqj srzhu kdyh wkhlu
pdmru lpsdfw rq vwhdg|0vwdwh xqghuhpsor|phqw/ dqg/ wr d vpdoohu h{whqw/ rq vwhdg|0
vwdwh fdslwdo/ exw olwwoh h�hfw rq vwhdg|0vwdwh orqjhylw|1 Zkloh wklv pd| zhoo kdyh
ehhq revhuyhg lq dfwxdo hfrqrplhv/ wklv pd| qrw qhfhvvdulo| eh wkh fdvh1 Wr lo0
oxvwudwh wkh lq�xhqfh ri khwhurjhqhlw| lq � rq orqjhylw|/ ohw xv qrz frpsduh wzr
hfrqrplhv zlwk d gl�huhqw � +316 dqg 318,/ exw zkhuh xqghuhpsor|phqw d�hfwv k
pruh wkdq wkh uhdo zdjh1 Iru wkdw sxusrvh/ zh dvvxph # @ 3=4 dqg ! @ 3=51

^Sodfh Iljxuhv 46d/e/f durxqg khuh`
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Dv vkrzq e| Iljxuh 46d/ n� lq wkh hfrqrp| zkhuh � @ 3=6 +vrolg fxuyh, h{fhhgv
n� lq wkh hfrqrp| zkhuh � @ 3=8 +grwwhg fxuyh,1 Wkxv/ d odujhu lq�xhqfh ri xq0
ghuhpsor|phqw rq orqjhylw| whqgv wr uhlqirufh wkh lq�xhqfh ri � rq n�1 Iljxuh 46e
looxvwudwhv wkdw �{lqj ! A # fdq ohdg dovr wr d vl}hdeoh jds lq whupv ri vwhdg|0vwdwh
orqjhylw|/ zklfk lv kljkhu lq wkh frxqwu| zkhuh � @ 3=61 Khqfh/ d gl�huhqfh lq wkh
glvwulexwlrq ri srzhu fdq dovr jhqhudwh vljql�fdqw jdsv lq vwhdg|0vwdwh orqjhylw|1
Pruhryhu/ Iljxuh 46f vkrzv wkdw xqghuhpsor|phqw zloo nhhs rq suhydlolqj dw wkh
vwhdg|0vwdwh hyhq lq wkh hfrqrp| zlwk � @ 3=6/ xqolnh zkdw zdv wkh fdvh xqghu # A
!1 Khqfh/ d vwurqj qhjdwlyh lpsdfw ri xqghuhpsor|phqw rq orqjhylw| fdq qrw rqo|
orzhu k�/ exw/ dovr/ fdq suhyhqw wkh glvdsshdudqfh ri xqghuhpsor|phqw169

Wkh frqyhujhqfh skhqrphqrq Ohw xv qrz frpsduh dq dgydqfhg hfrqrp|
dqg wkuhh ghyhorslqj hfrqrplhv/ zklfk kdyh wkh vdph surgxfwlrq ixqfwlrq +l1h1
D @ 53/ � @ 3=68,/ wkh vdph orqjhylw| surgxfwlrq ixqfwlrq +l1h1 ] @ 3=6/ # @ 3=5/
! @ 3=4,/ dqg wkh vdph suhihuhqfh sdudphwhuv � dqg � +htxdo wr 3=9 dqg 5,/ exw
gl�hu uhjduglqj lqlwldo n dqg k1 Zkhuhdv wkh dgydqfhg hfrqrp| h{klelwv lqlwldoo|
+n3 @ 4> k3 @ 3=58,/ ghyhorslqj hfrqrplhv doo h{klelw +n3 @ 3=58> k3 @ 3=38,1
Zkloh edujdlqlqj srzhu lv htxdoo| glylghg lq wkh dgydqfhg hfrqrp| +l1h1 � @ 3=8,/
ghyhorslqj hfrqrplhv fdq eh ri wkuhh nlqgv= ctxdvl0glfwdwruvkls* ri fdslwdo0kroghuv
+� @ 3=4,/ ri zrunhuv +� @ 3=<, ru v|pphwu| +� @ 3=8,1

Dv vkrzq e| Iljxuh 47d/ wkh ghyhorslqj hfrqrp| zlwk edodqfhg edujdlqlqj
srzhu +lq wklq olqh, uhdfkhv wkh vdph vwhdg|0vwdwh fdslwdo dv wkh dgydqfhg hfrqrp|
+erog olqh,16: Ghyhorslqj hfrqrplhv zlwk � htxdo wr 314 +grwwhg olqh, dqg 31< +gdvkhg
olqh, gr qrw shuirup dv zhoo dv wkh edodqfhg hfrqrp| lq wkh orqj uxq1 Wkh iruphu
h{klelwv qr frqyhujhqfh dw doo/ zkhuhdv wkh odwwhu vwduwv glyhujlqj diwhu shulrg 7/ vr
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wkdw wkhuh uhpdlqv d odujh jds dw wkh vwhdg|0vwdwh16;

^Sodfh Iljxuhv 47d/e/f durxqg khuh`

Dv idu dv orqjhylw| lv frqfhuqhg/ wkh wkuhh ghyhorslqj frxqwulhv h{klelw d vwurqj
frqyhujhqfh zlwk uhvshfw wr wkh dgydqfhg hfrqrp| gxulqj wkh �uvw shulrg/ exw wkhlu
sdwkv vwduw wkhq glyhujlqj1 Zkloh wkh edodqfhg hfrqrp| frqyhujhv wr wkh dgydqfhg
rqh/ wkh hfrqrp| zkhuh � htxdov 31< whqgv wr d voljkwo| orzhu k�/ zkhuhdv wkh rqh
zlwk � @ 3=4 h{klelwv d pxfk orzhu k�1

Uhjduglqj xqghuhpsor|phqw/ frqyhujhqfh rqo| rffxuv iru wkh edodqfhg hfrqrp|/
zkhuhdv/ iru wkh rwkhuv/ wkh suhydlolqj xqghuhpsor|phqw udwhv uh�hfw wkh edujdlqlqj
srzhu sdudphwhuv �/ dqg qr frqyhujhqfh lv khuh wr eh h{shfwhg= xqghuhpsor|phqw
uhpdlqv kljk zkhuh � @ 3=</ dqg }hur zkhuh � @ 3=41

Wr vxp xs/ wkh dyhudjh vl}h ri wkh frqyhujhqfh surfhvv lv uhodwlyho| odujh iru
orqjhylw|/ exw vpdoohu iru fdslwdo dqg xqghuhpsor|phqw1 Krzhyhu/ wkdw frqfoxvlrq
lq dyhudjh whupv pxvw eh txdol�hg/ dv wkh glvwulexwlrq ri edujdlqlqj srzhu d�hfwv
vljql�fdqwo| wkh frqyhujhqfh surfhvv1 Lq wklv h{dpsoh/ ghyhorslqj hfrqrplhv zkhuh
zrunhuv* edujdlqlqj srzhu h{fhhgv wkh rqh lq wkh dgydqfhg hfrqrp| zloo uhdfk d
orzhu vwhdg|0vwdwh +n�> k�> h�,/ exw pd| vwloo h{klelw vrph frqyhujhqfh lq n dqg k/
zkhuhdv hfrqrplhv zkhuh � lv orz zloo uhpdlq idu iurp wkh dgydqfhg hfrqrp|16<

S �L?U*�t�L?t

Wklv sdshu dlphg dw fdvwlqj d qhz oljkw rq wkh shuvlvwhqfh ri xqghuhpsor|phqw/ e|
h{sorulqj wkh vkruw uxq dqg orqj uxq g|qdplfv ri d wzr0shulrg ROJ hfrqrp| zlwk
hqgrjhqrxv orqjhylw|/ zkhuh wkh xqghuhpsor|phqw uhvxowlqj iurp zdjh qhjrwldwlrqv

�H��| |��t }@T �t *itt t�3i@M*i |�@? �?_ih B ' f��c @?_ @*tL t4@**ih |�@? |�i }@T @| | ' f�
�b�L|i |�@| |�i �4T@U| Lu B L? UL?�ih}i?Ui �t hLM�t| |L |�i U@*�Mh@|�L? Lu |�i *L?}i��|) u�?U|�L?

Ei�}� � ' f�� 	 � ' f�2��

5<



ehwzhhq zrunhuv dqg fdslwdo0kroghuv fdq lq�xhqfh orqjhylw|1 Wkh vshfl�flw| ri wkdw
hfrqrp| olhv lq wkh elgluhfwlrqdo uhodwlrq ehwzhhq orqjhylw| dqg xqghuhpsor|phqw=
orqjhylw| lv qrw rqo| d�hfwhg e| wkh uhdo zdjh dqg e| xqghuhpsor|phqw/ exw lw
grhv dovr/ e| lwv lq�xhqfh rq zrunhuv dqg fdslwdo0kroghuv*v zhoiduhv/ lq�xhqfh wkh
rxwfrph ri zdjh qhjrwldwlrqv/ dqg/ wkxv/ wkh uhdo zdjh dqg xqghuhpsor|phqw ohyhov1

Lq wkdw hfrqrp|/ d ixoo hpsor|phqw vwhdg|0vwdwh/ zkhq lw h{lvwv/ pxvw eh wkh
xqltxh ixoo hpsor|phqw vwhdg|0vwdwh/ dqg lv olnho| wr eh orfdoo| vwdeoh1 Dowhuqdwlyho|/
wkuhh rwkhu fdvhv fdq dulvh= +4, d ixoo hpsor|phqw vwhdg|0vwdwh fdq frh{lvw zlwk dq
xqghuhpsor|phqw vwhdg|0vwdwh 0 wkh iruphu ehlqj orfdoo| vwdeoh zkloh wkh odwwhu lv
xqvwdeoh 0> +5, wzr xqghuhpsor|phqw vwhdg|0vwdwhv +lqfoxglqj d orfdoo| vwdeoh rqh,
fdq frh{lvw> +6, qr vwhdg|0vwdwh h{lvwv1 Khqfh/ wkdw prgho doorzv hlwkhu d vkruw uxq/
wudqvlwru| xqghuhpsor|phqw +ydqlvklqj zkhq wkh hfrqrp| jurzv,/ ru d shuvlvwlqj
+vwhdg|0vwdwh, xqghuhpsor|phqw +uhpdlqlqj ghvslwh hfrqrplf h{sdqvlrq,1

D frpsdudwlyh vwdwlfv h{huflvh hpskdvl}hg wkdw wkh lq�xhqfh ri zrunhuv* edu0
jdlqlqj srzhu rq vwhdg|0vwdwh fdslwdo/ orqjhylw| dqg hpsor|phqw lv odujho| dpeljx0
rxv/ dqg ghshqgv/ dprqj rwkhu wklqjv/ rq wkh fdoleudwlrq ri wkh orqjhylw| surgxf0
wlrq ixqfwlrq1 Uhjduglqj wkh wudqvlwlrq g|qdplfv/ lw zdv vkrzq qxphulfdoo| wkdw
hfrqrplhv gl�hulqj rqo| rq wkh glvwulexwlrq ri edujdlqlqj srzhu h{klelw txlwh gli0
ihuhqw surshuwlhv lq wkh orqj uxq/ hyhq wkrxjk wkh gl�huhqwldov duh/ lq wkh vkruw uxq/
ohvv vl}hdeoh1 Pruhryhu/ krz wkh edujdlqlqj srzhu lv glvwulexwhg lq ohvv ghyhorshg
hfrqrplhv pd| kdyh d fuxfldo lq�xhqfh rq wkh frqyhujhqfh skhqrphqrq1

Lq vxp/ wklv vwxg| vxjjhvwv wkdw wkh h{whqw wr zklfk xqghuhpsor|phqw glvds0
shduv zkhq wkh hfrqrp| wdnhv r� ghshqgv qrw rqo| rq wkh glvwulexwlrq ri edujdlqlqj
srzhu/ exw/ dovr/ rq rwkhu 0 h1j1 ghprjudsklf 0 sdudphwhuv1 Wklv sdshu whqgv wkxv wr
uh0hpskdvl}h d wrr riwhq qhjohfwhg wuxwk= wkh lqwhufrqqhfwhgqhvv ri doo glphqvlrqv
ri ghyhorsphqw= qrw rqo| hfrqrplf/ exw/ dovr/ lqvwlwxwlrqdo dqg ghprjudsklf1
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H{lvwhqfh ri d qrq0wulyldo vwhdg|0vwdwh Wkh fdvh zkhuh � A +4��,+4��,
��.+4��, fdq

eh wuhdwhg dv iroorzv1
Vxevwlwxwlqj wkh nn orfxv zlwklq wkh kk orfxv doorzv xv wr ghulyh dq h{suhvvlrq

jlylqj xv kw.4 dv d ixqfwlrq J+kw,=
kw.4 @ ]

#
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zkhuh � �
� +4��,+��.+4��,kw,
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���� dqg � � �

� �.+4��,kw�
� ��� +�.+4��,kw,

+4��,+��.+4��,kw, =
Xqghu � A +4��,+4��,

��.+4��, > zh nqrz wkdw � ? �> dqg wkdw=
plq

�� +4��,^��.+4��,kw`
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� 4� >
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� +4��,^��.+4��,kw`
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vr wkdw zh fdq uhzulwh J+kw, dv=
kw.4 @ ]

#
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Jlyhq wkdw J+kw, � 3/ lw fdq eh vkrzq wkdw J+kw, kdv qhfhvvdulo| d �{hg srlqw/
wkdw lv/ d ydoxh ri kw vxfk wkdw J+kw, @ kw/ li wkh iroorzlqj 6 frqglwlrqv duh vdwlv�hg=

+l, J+3, @ 3
+ll, olpk$4J+kw,@kw ? 4
+lll, olpk$3J3+kw, @ .4
Uhjduglqj +l,/ lw lv hdv| wr fkhfn wkdw=
J+3, @ ]
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Uhjduglqj +ll,/
olpk$4J+kw,@kw

65



@ ]
#
^D+4� �,` 4

4��
�

+4��,
�.+4��,

� ^��.+4��,`
+4��,�4��

� 4�
� �

4�� +�, 4
4��

$##� ^��.+4��,`
+4��,�4��

� 4�

+�.+4��,
� , 4�

$!
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Uhjduglqj +lll,/ J+kw, fdq eh uhzulwwhq dv=
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Wkxv/ olpk$3J3+k, lv=
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+�,�#���!+4��,+4��,� ++4� �,�,!�

l
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zklfk whqgv wr .4 zkhq �*
4�� ? 41

Wkh wkuhh frqglwlrqv jdudqwhh wkdw wkh ixqfwlrq J+kw, zloo furvv wkh 78� ghjuhh
olqh dw ohdvw rqfh rq wkh lqwhuydo ^3> 4`= dfwxdoo|/ J+3, lv 3/ exw iru kljkhu ydoxhv ri kw/
wkh J+kw, fxuyh vwduwv deryh wkh 78� olqh e| frqglwlrq +lll,/ exw pxvw eh orzhu wkdq
4 zkhq kw whqgv wr 4 e| frqglwlrq +ll, vr wkdw lw pxvw furvv wkh 78� olqh vrphzkhuh1

Wkh fdvh zkhuh 3 ? � � +4��,+4��,
��.+4��, fdq eh glvfxvvhg e| iroorzlqj wkrvh olqhv ri

dujxphqwv1
Dfwxdoo|/ lq wkdw jhqhudo fdvh/ +l, lv vwloo wuxh/ dv=
J+3, @ ]

#
^D+4� �,` 4

4��
�

3
� plq

�� +4��,^��`
��

� 4
� >
��
�
� 4
�
�� �

4��
$#

#
plq

#� +4��,+��,
��

���� > +�� ,
���

+4��,

$$ #
4�� #

plq
#
+ +4��,^��`

�� , 4�

+ �� , 4�
> 4
$$!

@ 3
Uhjduglqj +ll,/ rqh vkrxog qrwlfh wkdw/ li � � +4��,+4��,

��.+4��, / wkh hfrqrp| fdqqrw
uhpdlq lq xqghuhpsor|phqw zkhq kw whqgv wr 41 Wkhuhiruh/ wkh frqglwlrq xqghu
zklfk olpkw$4J+kw,@kw ? 4 ehfrphv=

] ^D+4� �,` #
4�� +4� �, �#
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� +4��,^��.+4��,`
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Uhjduglqj +lll,/ rqh vkrxog qrwlfh wkdw/ zkhq kw whqgv wr 3/ wkh hfrqrp| pxvw/
jlyhq � A 3/ whqg wr h{fhvv oderxu vxsso|/ vr wkdw wkh deryh frqglwlrq �#

4�� ? 4
pxvw uhpdlq wuxh1

Wkh fdvh zkhuh � lv }hur lv wulyldo1 Xqghu � @ 3/ wkh qhjrwldwhg zdjh lv }hur/ vr
wkdw zrunhuv zloo qrw eh deoh wr frqvxph qru wr vdyh dq|wklqj1 Khqfh/ jlyhq wkh
ixoo ghsuhfldwlrq ri fdslwdo/ wkh fdslwdo vwrfn dw wkh qh{w shulrg zloo eh }hur/ vr wkdw
wkh surgxfwlrq fdq qr orqjhu wdnh sodfh/ zkdwhyhu lqlwldo frqglwlrqv duh1

Xqltxhqhvv Li wkh vwhdg|0vwdwh h{klelwv qr xqghuhpsor|phqw/ J+kw, ehfrphv=

kw.4 @ J+kw, @ ] ^D+4� �,` #
4��
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4��

� #
4�� ^+4� �,kw` �#4�� +� . +4� �,kw,# +��.

+4� �,kw, �#4��

Krzhyhu/ lw iroorzv iurp wklv wkdw wkh ghulydwlyh ri J+kw, dw vxfk d vwhdg|0vwdwh
pxvw eh qrq0srvlwlyh1 Lqghhg/ J3+kw, fdq eh uhzulwwhq dv wkh surgxfw=

�
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zkrvh �uvw idfwru lv srvlwlyh/ zkhuhdv wkh vhfrqg idfwru lv qhfhvvdulo| qrq0
srvlwlyh1

Dfwxdoo|/ d qrq0srvlwlyh vhfrqg idfwru lv htxlydohqw wr=

�
4��

4
+4��,k . 4

�.+4��,k � 4
4��

4
��.+4��,k

zklfk/ lq whupv ri �> lv htxlydohqw wr= � � +4��,+4��,k
��.k+4��, =

Exw wkhuh lv qr xqghuhpsor|phqw khuh/ vr wkdw � � +4��,+4��,k
��.k+4��, lv qhfhvvdulo|

vdwlv�hg1
Khqfh/ xqghu wkdw frqvwudlqw/ J3+k, � 31 Lq rwkhu zrugv/ wkh vorsh ri J+k, lq wkh

ixoo hpsor|phqw duhd +l1h1 rq wkh uljkw ri wkh yhuwlfdo grwwhg olqh, lv qrq0srvlwlyh1 Lw
iroorzv iurp wkdw lqhtxdolw| wkdw wkh qrq0wulyldo vwhdg|0vwdwh pxvw khuh eh xqltxh1
Dfwxdoo|/ jlyhq wkdw J+k, lv ghfuhdvlqj zlwk k iru k A k�/ lw lv kdug wr vhh krz J+k,
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frxog furvv wkh 78� olqh dqrwkhu wlph rq wkh lqwhuydo ^k�> 4`/ vr wkdw wkh qrq0wulyldo
vwhdg|0vwdwh pxvw eh xqltxh1
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